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The transmission of vibrations in the ground, due to a high-speed moving vertical harmonic rectangular load, is inves-
tigated theoretically. The problem is three-dimensional and the interior of the ground is modelled as a totally or partially
saturated porous viscoelastic half-space, using the complete Biot theory. The solutions in the transformed domain are
obtained using a double Fourier transform on the surface spatial variables. A modiﬁed hysteretic damping model deﬁned
in the wavenumber domain is used, ﬁrst presented by Lefeuve-Mesgouez et al. [Lefeuve-Mesgouez, G., Le Houe´dec, D.,
Peplow, A.T., 2000. Vibration in the vicinity of a high-speed moving harmonic strip load. Journal of Sound and Vibration
231(5) 1289–1309]. Numerical results for the displacements of the solid and ﬂuid phases, over the surface of the ground and
in depth, are presented for loads moving with speeds up to and beyond the Rayleigh wave speed of the medium.
 2008 Elsevier Ltd. All rights reserved.
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The problem of determining the response of a soil under the action of moving loads has received consid-
erable attention in the last few decades. Research activities in this area have been motivated by the need to
determine the vibratory motion on the ground surface and in depth caused by moving vehicles. Moreover,
high-speed trains are becoming increasingly common and freight trains increasingly heavier. Combined with
this fact and the observation that the Rayleigh wave speeds are slower in soft soils, we note that the study of
moving loads is of great importance for environmental and geotechnical engineering. In fact, some problems
of high vibrations induced by moving loads have been observed in Sweden, Madshus and Kaynia (2000), and
in the North West of France, Picoux et al. (2003).
In the framework of moving loads, many authors have worked on grounds modelled as viscoelastic homo-
geneous or multilayered media. Theodorakopoulos (2003) presents a detailed list of recent references in this
area for semi-analytical and numerical models. For this kind of modelisation, current works deal with more0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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have developed two-dimensional (2003) and three-dimensional (2005) semi-analytical wave propagation mod-
els for the response of the ground surface due to vibrations generated by a railway traﬃc for low vibration
frequencies. The authors take into account the railway track and analyse the inﬂuence of the moving load
speed. Comparison with experimental data shows that semi-analytical models can provide useful information
to better understand the behaviour of track and ground due to wave propagation. Comparisons of either semi-
analytical models or numerical models with experimental data are also proposed by Sheng et al. (2003) and
Paolucci et al. (2003) respectively. Semi-analytical approaches have been developed using Fourier transforms
on spatial variable, see for instance Sheng et al. (2004, 2006). Recently, Steenbergen and Metrikine (2007) have
presented an overview of models of railway tracks over elastic or viscoelastic half-space. The authors focus on
the interface between the beam and the half-space. They determine the domain of validity of three models of
interest depending on the load speed, the wavelength compared to the track width and the distance to the track
(far or near ﬁeld). Some results are presented for super-Rayleigh regimes with the visualisation of Mach lines
over the surface. Among numerical methods, one can quote Yang et al. (2003) who develop a 2.5 D ﬁnite/inﬁ-
nite element approach and present a parametric study of the train induced wave propagation in layered vis-
coelastic soils: they analyse in particular the inﬂuence of the shear wave speed, the damping ratio and the
moving load speed. Finite element models can also be used, see Hall (2003) for instance.
Another area of investigation on loads moving over grounds deals with the model used for the ground. In
fact, the soil is composed of a solid skeleton and pore space ﬁlled with ﬂuid(s). The Biot theory is widely used
to describe the macroscopic two-phase continuum. As for poroviscoelastic models of grounds submitted to
moving loads, only a few papers are available. Nevertheless, Theodorakopoulos (2003) shows that in the case
of soft materials, models ignoring the coupling between ﬂuid and solid may lead to errors, especially at high
velocities. In fact, the importance of the interaction between the ﬂuid component and the solid part of the
medium is now generally recognised. Thus, poroelastic models have become of main interest. The author pro-
poses a parametric analysis of a poroelastic half-plane medium under moving loads. The eﬀects of porosity
and permeability on the response are more pronounced in soft materials for high load speeds. The theoretical
approach is based on Fourier expansion. In the continuation of the previous paper, Theodorakopoulos et al.
(2004) and Theodorakopoulos and Beskos (2006), propose an alternative, approximate method for the anal-
ysis of a poroviscoelastic soil medium under moving loads. Nevertheless, these works are restricted to sub-crit-
ical load speed cases and two-dimensional geometries. Jin et al. (2004) also consider the two-dimensional
dynamic response of a poroelastic half-space, and analyse the stresses. They do not take into account the
damping of the solid part and the load speed is still limited to subsonic cases.
The study of two-dimensional models is useful to better understand physical phenomena such as, for exam-
ple, the superposition of the diﬀerent waves propagating in front of and/or behind the load. Some general con-
clusions can be drawn from such studies: Doppler eﬀects, existence of Mach cones in depth, etc. But, two-
dimensional models are limited especially when studying the surface of the ground. The study of 2D models
allows to have some features of the displacements behind the load but prevents for instance from the visual-
isation of higher displacement Mach lines due to the Rayleigh wave.
The three-dimensional analytical solution for the dynamic response of a half-space porous medium sub-
jected to a point load applied on the surface and moving with constant speed has been proposed very recently
by Lu and Jeng (2007). To the best of our knowledge, it is the only paper available on three-dimensional
approach for this kind of subject. The method uses multiple Fourier transforms on time and spatial variables,
and the inverse transform is reduced to a double one by the use of dirac functions. The authors study more
speciﬁcally the response of three points in the ground and the evolution of their maximum values with increas-
ing load speed. Nevertheless no three-dimensional result and no analysis in the wavenumber domain are pre-
sented. In fact, works dealing with loads moving over poroviscoelastic grounds are often restricted either to
2D geometries or to the sub-Rayleigh speed range.
In this paper, the authors propose a three-dimensional semi-analytical approach to study the displacements
induced by a more realistic harmonic rectangular load moving at constant speed over the surface of a two-
phase poroviscoelastic half-space. The Biot theory including elastic, inertial and viscous couplings is consid-
ered. Moreover a modiﬁed hysteretic damping is used for the solid phase in order to obtain results for ‘‘super-
sonic” cases, Lefeuve-Mesgouez et al. (2000). Thus, the moving load speed range covers both sub- and super-
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tion in the wavenumber domain. A preliminary study of dispersion and attenuation is proposed to determine
the frequency range for which one equivalent single phase model can be used and the frequency range for
which two-phase Biot theory is needed. For this, the characteristic frequency is introduced. Then, the
responses are studied in the wavenumber domain which dissociates the body and surface wave contributions
and underlines the inﬂuence of each wave. Results in the spatial domain are also presented. Particular atten-
tion is paid to the compressional wave of the second kind with the visualisation of Mach cones relative to this
P2 wave. Moreover, an example of partially saturated porous medium is also studied. For this kind of soil, the
P wave speed can be lower.
Therefore, the article is divided as follows: Section 2 presents the governing equations of the problem and
the wave equations; Section 3 details the used method for the solution of the wave equations and Section 4
presents the obtained numerical results for diﬀerent cases.
2. Theoretical approach
2.1. Vibration transmission
A typical example of the considered model is shown in Fig. 1. A moving harmonic vertical (x3) load acts
uniformly over a rectangle whose dimensions are 2l1  2l2. It moves over the surface of a homogeneous, iso-
tropic, poroviscoelastic half-space in the x1-direction at constant speed c with radial frequency x. The half-
space is modelled as a two-phase continuum composed of a porous deformable viscoelastic solid skeleton
and a ﬂuid component corresponding to the viscous ﬂuid ﬁlling the porous space. The macroscopic equations
for dynamic isotropic saturated poroelasticity for small strains in a Lagrangian description were ﬁrst presented
by Biot (1956). Bourbie´ et al. (1986), or De Boer (2000), have proposed a complete review of the Biot theory.
The Biot theoretical approach includes three diﬀerent couplings between the two phases: elastic, inertial and
viscous couplings. In such a medium, three body waves exist: the P1 and P2 compressional waves and the S
shear wave. Moreover, in the case of a semi-inﬁnite medium, a surface wave also exists, denoted as the Ray-
leigh R wave.Fig. 1. Three-dimensional geometry for the rectangular harmonic moving load problem.
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and relative displacement vectors {u,w} (with w = / (U  u)). We retain here the second formulation coupled
with Helmholtz decompositions on solid and relative displacements: this method leads to simpler symmetrical
matrices, see Degrande et al. (1998) or Yang (2000, 2001). Alternative approaches exist: the introduction of
dilatations, Jones and Petyt (1991, 1993, 1998), in the restricted case of a viscoelastic one-phase medium,
the Helmholtz decompositions of solid and ﬂuid displacements, used for instance by Bourbie´ et al. (1986),
or Al-Khoury et al. (2002).
Then, the equations of the problem can be written as follows:
 the equations of motion
rij;j ¼ ½ð1 /Þqs þ /qf €ui þ qf €wi ð1Þ
p;i ¼ 
1
K
_wi  qf€ui 
aqf
/
€wi ð2Þ the constitutive relationships
rij ¼ ½k0 þMb2uk;kdij þ lðui;j þ uj;iÞ þ bMwk;kdij ð3Þ
p ¼ Mbuk;k Mwk;k ð4Þwith material properties denoted as k0 and l (drained Lame´ constants for the purely elastic equivalent porous
media), qs and qf (solid grains and ﬂuid densities), / (porosity). Moreover, rij represent the total Cauchy stress
tensor components, p is the pore pressure in the ﬂuid. dij is the Kronecker symbol, ui, wi and xi are the ith
components of the vectors (u1, u2, u3), (w1, w2, w3) and (x1, x2, x3), respectively, and the summation convention
is applied. The subscripts (),i and the superscripts ð _Þ each denote spatial and time derivatives respectively. Eq.
(2) corresponds to a generalised Darcy law in transient regimes. Let us now outline the three couplings:
 K is the hydraulic permeability coeﬃcient deﬁned by K = k/ld, with k the absolute permeability coeﬃcient
and ld the dynamic viscosity of the ﬂuid. It corresponds to the drag forces and thus represents the macro-
scopic viscous coupling due to the relative motion between the Poiseuille type ﬂow and the solid matrix on
the microscopic scale.
 a is the tortuosity factor. It stands for the inertial forces and is obtained from homogeneisation theory. The
tortuosity is a macroscopic quantitative measure of how much the pore geometry disrupts the viscous ﬂuid
ﬂow at a microscopic scale. In the case of uniform pores, all oriented parallel to the microscopic ﬂow of a
perfect ﬂuid and presenting a circular section, note that a = 1. In the case of an ideal solid matrix made by
spherical grains, Berryman and Wang (1980) express the tortuosity factor as a ¼ ð1þ 1/Þ=2. M and b are the ﬁrst and second Biot coeﬃcients where b represents the macroscopic elastic coupling.
Indeed, in Eq. (4), b links, for a drained medium (p = 0), the solid macroscopic volume modiﬁcation ui,i
to the ﬂuid dilatation Ui,i. The Biot coeﬃcients are deﬁned as b = 1K0/Ks and 1/M=(b/)/Ks + //Kf
where K0, Ks, Kf are the bulk moduli of the drained porous medium, the solid grains and the ﬂuid compo-
nent, respectively.
A viscoelastic hysteretic Rayleigh damping is taken into account for the solid phase. For high load speeds,
speciﬁcally for super-Rayleigh regimes, Lefeuve-Mesgouez et al. (2000) have shown that the standard hyster-
etic damping model is not suitable for the moving load problem because it induces some erroneous displace-
ments. Thus they have introduced a modiﬁed hysteretic damping model deﬁned in the wavenumber domain as
presented in Eq. (5).k0 ¼ k0Sð1þ igsignðx ccÞÞ and l ¼ lSð1þ igsignðx ccÞÞ ð5Þ
instead of k0 = k0S(1 + ig) for the standard hysteretic damping. g is the damping factor and c the wavenumber
issued from a Fourier transform on the spatial variable relative to the moving direction. It can also be written:
sign(xcc)=sign(kc) with k = x/c. Lefeuve-Mesgouez et al. (2000) have tracked the location of poles and
branch points for various load speeds, in the complex plane. For super-Rayleigh cases, with a standard hys-
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iﬁed hysteretic damping, this Rayleigh pole jumps to another part of the complex plane and gives a second
contribution behind the load as expected. The same remarks can be done for the branch points.
In the case of a homogeneous half-space, the physical parameters do not depend on the spatial variables.
Thus, spatially derivating constitutive relationships (3) and (4) and introducing these expressions in Eqs. (1)
and (2) yields the following set of vector equationsðk0 þ lþMb2Þrðr:uÞ þ lr2uþMbrðrwÞ ¼ ½ð1 /Þqs þ /qf €uþ qf €w
Mbrðr:uÞ þMrðr:wÞ ¼ 1K _wþ qf€uþ
aqf
/
€w
(
ð6ÞThe Helmholtz decompositions on the solid and relative displacements are written asu ¼ ruþr w and w ¼ rur þr wr ð7Þ
where u and ur are scalar potentials and w and wr vector potentials. Then introducing the following notations½KP  ¼ k0 þ 2lþMb
2 Mb
Mb M
" #
½KS ¼
l 0
0 0
 
½M  ¼
ð1 /Þqs þ /qf qf
qf
aqf
/
" #
½C ¼ 0 0
0 1K
 we obtain the two following uncoupled matrix systems, relative respectively to the compressional waves P1
and P2 associated with the Helmholtz scalar potentials u and ur, and to the shear wave S associated with
the Helmholtz vector potentials w and wr½M  €u
€ur
 
þ ½C _u
_ur
 
 ½KP 
Du
Dur
 
¼ 0
0
 
ð8Þ
½M 
€w
€wr
( )
þ ½C
_w
_wr
( )
 ½KS 
Dw
Dwr
 
¼ 0
0
 
ð9Þ2.2. Boundary conditions
A moving harmonic rectangular load is applied over the surface of the half-space (z = x3 = 0), which leads
to the boundary conditionsr33jx3¼0 ¼ f ðx1  ct; x2Þeixt ð10Þ
r13jx3¼0 ¼ r23jx3¼0 ¼ px3¼0 ¼ 0 ð11Þwhere f(x1  ct,x2) is a function depending on the spatial variables x = x1  ct and y = x2. For a uniformly
distributed load over a rectangle with dimensions 2l1  2l2, f is given byf ðx1  ct; x2Þ ¼ f0
4l1l2
for jx1  ctj < l1; jx2j < l2 ð12Þ2.3. Modelling a partially saturated ground
For a partially saturated poroviscoelastic ground, a third gas phase, some air for instance, has to be taken
into account in the description of the medium. Indeed, the connected porosity is ﬁlled with both liquid and gas
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the gas phase forms small bubbles embedded in the liquid phase. This assumption, thus, leads to a modiﬁca-
tion of the compressibility of the ﬂuid phase, Verruijt (1969) or Smeulders et al. (1992) for instance, and the
unsaturated porous medium can then be described by the classical two-phase solid-ﬂuid Biot theory. The mix-
ture of liquid and gas in the ﬂuid phase is quantiﬁed by the degree of saturation SR deﬁned bySR ¼ V liqV fl ð13Þwhere Vliq and Vﬂ, respectively, represent the volume occupied by the liquid and the volume occupied by the
ﬂuid phase, which means the volume of the connected space. The saturated medium presents a degree of sat-
uration SR = 1.
By considering that the gas follows the ideal gas law and that it undergoes isothermal transformation, the
bulk modulus Kﬂ of the homogenised ﬂuid phase is then estimated for a small gas fraction (SR > 90%) by1
K fl
’ 1
K liq
þ 1 SR
P
ð14ÞLet us note that the presence of a small quantity of gas, even a very small quantity, drastically reduces the
bulk modulus of the ﬂuid phase and thus the value of Biot coeﬃcient M. Speeds of the two compressional
waves P1 and P2 are then modiﬁed, the shear wave S speed is not changed because of its intrinsic indepen-
dence from the ﬂuid phase, as presented in Table 3.
3. Wave propagation solution
3.1. Helmholtz potentials in the wavenumber domain
Introducing the moving coordinate frame, we can write the following change of variables and functionsuðx1; x2; x3; tÞ ¼ Uðx; y; zÞeixt and urðx1; x2; x3; tÞ ¼ Urðx; y; zÞeixt ð15Þ
wðx1; x2; x3; tÞ ¼ Wðx; y; zÞeixt and wrðx1; x2; x3; tÞ ¼ Wrðx; y; zÞeixt ð16ÞThen, to solve the resulting system, we use a double spatial Fourier transform deﬁned byhðc; f; zÞ ¼
Z 1
1
Z 1
1
hðx; y; zÞeiðcxþfyÞdxdy ð17ÞWith the above deﬁnition and from Eqs. (8) and (9), matrix diﬀerential systems relative to the compres-
sional waves and the shear wave, respectively, are obtained as follows d
2
dz2
 c2  f2
 
½KP   ðx ccÞ2½M  þ iðx ccÞ½C
 
U
Ur
( )
¼ 0
0
 
ð18Þ
 d
2
dz2
 c2  f2
 
½KS  ðx ccÞ2½M  þ iðx ccÞ½C
 
W
Wr
( )
¼ 0
0
 
ð19ÞIntroducing aPj issued from the following determinantdet½ða2Pj  c2  f2Þ½KP  þ ðx ccÞ2½M   iðx ccÞ½C ¼ 0; j ¼ 1; 2 ð20Þ
with j = 1, for the P1 wave and j = 2 for the P2 wave, the solution of system (18) can be written asU
Ur
( )
¼ U

1
Ur1
( )
eaP1z þ U

2
Ur2
( )
eaP2z ð21ÞReﬂections from z? +1 (downward z axis) are disallowed for RefaPjg > 0. Moreover, propagation
occurs in the increasing z. Consequently, aPj have to be chosen so that ImfaPjg > 0 since x > 0.
Furthermore, U1 and U
r
1 on one hand and, U

2 and U
r
2 on the other hand are linked by
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ða2Pj  c2  f2ÞbM þ ðx ccÞ2qf
ða2Pj  c2  f2ÞM þ ðx ccÞ2qf a=/ iðx ccÞ=K
Uj ¼ F jðc; f;xÞUj ð22ÞFrom Eq. (19), it is deduced that the two vector potentials are directly proportional and linked by the fol-
lowing expressionWr ¼ qf ðx ccÞ
2/K
aqf ðx ccÞ2K  iðx ccÞ/
W ¼ Gðc;xÞW ð23ÞThe following diﬀerential equation is then obtainedd2
dz2
 a2S
 
W ¼ 0 ð24Þwitha2S ¼ c2 þ f2 
ðx ccÞ2
l
ð½ð1 /Þqs þ /qf  þ qfGðc;xÞÞ ð25Þwhich yieldsW ¼ WSeaS z ¼
wSx
wSy
wSz
8><
>:
9>=
>;eaSz ð26ÞSigns of the real and imaginary parts of aS are chosen following similar considerations as given for the com-
pressional waves. Unlike the compressional waves, only one shear wave is obtained. Constants U1, U

2,
wSx, w

Sy
and wSz are determined using the boundary conditions.3.2. Analytical expressions for transformed displacements
From the Helmholtz decomposition relative to u, Eq. (7), written in the wavenumber domain, expressions
for the transformed solid displacements are written asux
uy
uz
8><
>:
9>=
>; ¼ U1eaP1z
ic
if
aP1
8><
>:
9>=
>;þ U2eaP2z
ic
if
aP2
8><
>:
9>=
>;þ eaSz
B
C
D
8><
>:
9>=
>; ¼ ½Qu
U1
U2
B
C
8>><
>>:
9>>=
>>;
ð27Þwith D ¼ iaS ðcBþ fCÞ. U1, U2, B and C depend on c, f and x, and are determined by the boundary conditions.
Transformed relative displacements issued from the Helmholtz decomposition, Eq. (7), written in the wave-
number domain are given in a similar way bywx
wy
wz
8><
>:
9>=
>; ¼ ½Qw
U1
U2
B
C
8>><
>>:
9>>=
>>;
ð28ÞFourier transformation of the boundary conditions (10), (11) givesrzzjz¼0 ¼ f ðc; fÞ ¼ f0
sinðcl1Þ
cl1
sinðfl2Þ
fl2
ð29Þ
rxzjz¼0 ¼ ryzjz¼0 ¼ pz¼0 ¼ 0 ð30Þ
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and using a matrix notation, the previous integration constants are obtained from the solution of the following
system½S
U1
U2
B
C
8>><
>>:
9>>=
>>;
¼
rxzjz¼0
ryzjz¼0
rzzjz¼0
pz¼0
8>><
>>:
9>>=
>>;
¼
0
0
f ðc; fÞ
0
8>><
>>:
9>>=
>>;
ð31Þwith½S ¼
2ilcaP1 2ilcaP2 lða
2
Sþc2Þ
aS
lfc
aS
2ilfaP1 2ilfaP2 lfcaS
lða2Sþc2Þ
aS
s31 s32 2ilc 2ilf
s41 s42 0 0
2
6666664
3
7777775
ð32Þ
s31 ¼ ða2P1  c2  f2Þðk0 þMb2 þMbF 1ðc; f;xÞÞ þ 2la2P1
s32 ¼ ða2P2  c2  f2Þðk0 þMb2 þMbF 2ðc; f;xÞÞ þ 2la2P2
s41 ¼ Mða2P1 þ c2 þ f2ÞðF 1ðc; f;xÞ þ bÞ
s42 ¼ Mða2P2 þ c2 þ f2ÞðF 2ðc; f;xÞ þ bÞAnalytical expressions for the vectors of transformed displacements are then given byux
uy
uz
8><
>:
9>=
>; ¼ ½Qu  ½S1
rxzjz¼0
ryzjz¼0
rzzjz¼0
pz¼0
8>><
>>:
9>>=
>>;
ð33Þ
U x
U y
U z
8><
>:
9>=
>; ¼
1
/
½Qw þ ½Qu
 
 ½S1
rxzjz¼0
ryzjz¼0
rzzjz¼0
pz¼0
8>><
>>:
9>>=
>>;
ð34Þwhere [Qu] and [Qw] are deﬁned by expressions (27) and (28), [S] by (32). We obtain thus the displacements in
the wavenumber domain. Displacements in the real spatial domain are calculated by the use of an inverse Fou-
rier transform performed numerically with an FFT algorithm.4. Numerical results
4.1. Viscoelastic case
First, we propose to scale down the present study to a viscoelastic one-phase medium for which previous
results are already available in the bibliography. To reduce the system to the viscoelastic case, we use the fol-
lowing parameters: / = b = 0, k0 = ks, M ?1, a = 1 and K? 0 and characteristic physical parameters are
given by: Young modulus E0 = 269 MPa; Poisson ratio m = 0.257; density of solid grains qs = 1550 kg m
3;
damping coeﬃcient g = 0.1. Results are compared with those obtained by Lefeuve-Mesgouez et al. (2002).
Fig. 2 shows the amplitude of the transformed vertical displacements. For this reduced example, the solid dis-
placements give the same solution as in Lefeuve-Mesgouez et al. (2002).
Fig. 2. Amplitude of transformed vertical solid surface displacements along the c axis for the degenerated viscoelastic model.
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Two kinds of soil are studied: a stiﬀ ground, of rock type, and a partially saturated softer one of sandy-clay
type, respectively, denoted as soil A and soil B. The soil mechanical parameters were chosen from a literature
review and are given in Tables 1 (soil A) and 2 (soil B). A harmonic vertical load, of magnitude f0 = 1 kN and
radial frequency x = 400 rad/s (f = 64 Hz), acts uniformly over a rectangular area of width l1 = l2 = 0.3 m and
moves with speed c.
In the Biot theory, it is usual to introduce a characteristic frequency fc, which governs the diﬀerent behav-
iours of porous media regarding the frequency dependence. It is deﬁned asTable
Soil ch
Young
(MP
20000
Bulk M
2200
Densit
2600
Porosi
0.4fc ¼ /
2pqf K
ð35ÞStudy of ratio f/fc is useful to characterise the low or high frequency behaviours of the medium. Dispersion
and attenuation features need to be known for the interpretation of the ground response. We obtain the fol-
lowing ratio proportional to permeability K and radial frequency x1
aracteristics for soil A (stiﬀ ground)
modulus of drained porous media E0
a)
Poisson ratio m Bulk modulus of solid grains Ks (MPa)
0.2 40000
odulus of ﬂuid component Kf (MPa) First Biot coeﬃcient M (MPa) Second Biot coeﬃcient b
5 270 0.72
y of solid grains qs (kg m
3) Density of ﬂuid component qf
(kg m3)
Hydraulic permeability coeﬃcient K
(m3 kg1 s)
1000 10e9 to 10e5
ty / Tortuosity coeﬃcient a Damping coeﬃcient g
1.2 0.01
Table 2
Soil characteristics for soil B (softer ground)
Young modulus of drained porous media E0
(MPa)
Poisson ratio m Bulk Modulus of solid grains Ks (MPa)
1200 0.3 40000
Bulk modulus of ﬂuid component Kf (MPa) First Biot coeﬃcient M (MPa) Second Biot coeﬃcient b
2200 5 100 0.975
Density of solid grains qs (kg m
3) Density of ﬂuid component qf
(kg m3)
Hydraulic permeability coeﬃcient K
(m3 kg1 s)
2600 1000 10e9 to 10e5
Porosity / Tortuosity coeﬃcient a Damping coeﬃcient g
0.4 1.2 0.1
3362 G. Lefeuve-Mesgouez, A. Mesgouez / International Journal of Solids and Structures 45 (2008) 3353–3374f
fc
¼ qf Kx
/For a given radial frequency, we get high values of f/fc for high permeabilities.
Figs. 3 and 4 show the phase velocity and the damping characteristic distance of P1, S and P2 waves as a
function of f/fc for soil B. The phase velocity deﬁned as v/ ¼ x=ReðkÞ, (k is the complex wavenumber), illus-
trates the dispersion phenomenon. The damping characteristic distance corresponds to d ¼ 1= j ImðkÞ j and
gives by means of a characteristic distance the attenuated feature of the diﬀerent waves.
For low values of f/fc, all three body waves present some dispersion and attenuation but the compressional
wave of the second kind clearly appears to be more attenuated and presents a very low velocity. In such a
conﬁguration, its inﬂuence is negligible. The viscous coupling is dominant and cancels out the relative motion
between solid and ﬂuid displacements. The medium tends toward an equivalent undrained one-phase medium.
Low frequency limits for P1 and S phase velocities are due to the average density of the equivalent undrained
one-phase soil.
For higher values of f/fc, dispersive features for P1  S  P2 waves disappear and all three damping char-
acteristic distances tend to be of similar magnitude. The medium presents a ‘‘real” drained two-phase behav-
iour and the compressional wave of the second kind can be visualised. The elastic and inertial couplings
dominate.
For the case of moving loads, another remark has to be noted. It concerns the existence of Doppler eﬀect.
For sub-Rayleigh regimes, considering only the Rayleigh wave, Doppler eﬀect for an observer located on a
line deﬁning an angle a with the load direction line, the apparent radial frequency of the load is given by:
x0 = x/(1 MRcosa). Thus, the apparent frequencies cover a larger range, yielding higher values of ratio f/
fc. The same reasoning can be done for the body waves.
For soil A, high frequency limits for the diﬀerent phase velocities are quickly reached. They arev/P1 ¼ 3771 ms1; v/S ¼ 2263 ms1; v/R ¼ 2063 ms1; v/P2 ¼ 1299 ms1where the Rayleigh wave speed is approached bycR ’ 0:87þ 1:12 m
1þ m cS ð36ÞThese numerical values are in agreement with the results obtained by Coussy (1991) in a more restrictive
framework for which there is neither dispersion nor attenuation.
For soil B, the wave speeds are given in Table 3. For the totally saturated case, values are thus as followsv/P1 ¼ 1870 ms1; v/S ¼ 530 ms1; v/R ¼ 490 ms1; v/P2 ¼ 695 ms1In this case, the P2 wave speed value is between the Rayleigh and the P1 wave speeds. Nevertheless, when
the ground is partially saturated, the speeds of the compressional waves, both P1 and P2, decrease and the P2
wave speed can be lower than the Rayleigh wave speed. From Table 3, we can see that, for a 99.9% partially
saturated soil, cP2 = 280 ms
1 and even 40 ms1 for a 95% partially saturated soil.
Fig. 3. Phase velocity as a function of f/fc for P1 (solid line), S (dashed line) and P2 (dotted line) waves.
Fig. 4. Damping characteristic distance d as a function of f/fc for P1 (solid line), S (dashed line) and P2 (dotted line) waves.
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Figs. 5–7 present results in the transformed domain for soil A, with a high permeability,
K = 105 m3 kg1 s, (low viscous coupling) corresponding to the ratio f/fc = 10. Note that in order to ensureTable 3
Changes due to partial saturation for soil B
Saturation SR (%) 100 99.99 99.9 95
First Biot coeﬃcient 5100 1680 239 5
S wave speed (ms1) 530 530 530 530
P1 wave speed (ms1) 1870 1285 1030 995
P2 wave speed (ms1) 695 585 280 40
γζ
(1/m)
P2
R
P1
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Fig. 5. Comparison between theoretical Rayleigh poles with no damping and contour levels of the transformed vertical ﬂuid surface
displacements with modiﬁed hysteretic damping: theoretical Rayleigh poles in white dashed line, theoretical P2 branch points in black
dashed - dotted line and theoretical P1 branch points in black dashed line; (a) sub-Rayleigh wave speed case,MR = 0.5, (b) super-Rayleigh
wave speed case, MR = 1.5.
3364 G. Lefeuve-Mesgouez, A. Mesgouez / International Journal of Solids and Structures 45 (2008) 3353–3374visibility of the P2 wave which diﬀerentiates a Biot poroelastic material from an elastic material, and also for a
thorough test of the method, the parameter K is larger than normal values.
For the non-zero damping model, the Rayleigh poles in the (c, f) plane lie on the curves, see Lefeuve-Mes-
gouez et al. (2000)
Fig. 6. Evolution of the real part of transformed vertical ﬂuid surface displacements in the wavenumber domain with increasing load
speed, along the line f = 0: (a) MR = 0, (b) MR = 0.5, (c) MR = 1, (d) MR = 1.5.
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kRMR
1M2R
 2
¼ k
2
R
1M2R
ð37Þwith the Mach number MR = c/cR related to the Rayleigh wave speed. Then, for MR < 1 (sub-Rayleigh re-
gime), the Rayleigh poles lie on an ellipse and for MR > 1 (super-Rayleigh regime), the poles are situated
on a hyperbola. For the branch points, a similar analysis is possible replacing (kR, MR) with (kP1, MP1),
(kP2, MP2), or (kS, MS), where MP1 = c/cP1, MP2 = c/cP2 and MS = c/cS. Fig. 5 compares the location of
the dominant peaks obtained using the modiﬁed hysteretic damping model and the theoretical location of
the Rayleigh poles for zero damping, for the transformed vertical ﬂuid surface displacement. Also, the maxima
due to the P1 and P2 waves can be seen and compared with the theoretical ellipses/hyperbolas. Results show
very good agreement in both sub-Rayleigh and super-Rayleigh regimes. No peak due to the shear wave can be
seen here because, for the low viscous coupling chosen, the shear wave does not exist in the ﬂuid phase.
The real part of the transformed vertical ﬂuid surface displacements along the c axis is plotted in Fig. 6 for
diﬀerent wave speeds. Peaks due to the Rayleigh wave give a negative contribution whereas peaks due to the
P1 and P2 waves are positive. As the load speed tends towards the Rayleigh wave speed, the peaks in the neg-
ative wavenumber domain decrease in height and move towards 1. This suggests that the contribution of
these peaks to waves propagating in front of the load are less and less signiﬁcant. On the other hand, the peaks
in the positive wavenumbers move towards 0. When the wave speed passes through the Rayleigh wave speed,
the peak in the negative wavenumbers jumps to the positive wavenumbers and moves from +1 towards 0: it
reﬂects the move from the ellipse to the hyperbola due to the change in the speed regime as seen in Fig. 5.
Thus, for super-Rayleigh regimes, the displacements along the x axis are formed by the superposition of
Fig. 7. Evolution of the real part of transformed vertical solid surface displacements in the wavenumber domain with increasing load
speed, along the line f = 0: (a) MR = 0, (b) MR = 0.5, (c) MR = 1, (d) MR = 1.5.
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bution of body waves.
Fig. 7 presents the same analysis for the transformed vertical solid surface displacements along the c axis.
The main conclusions are similar to the ones obtained for the ﬂuid phase except that the amplitudes of dis-
placements are higher and that the shear wave is clearly seen whereas the inﬂuence of the P2 wave is not. Fluid
and solid phases have thus diﬀerent behaviours in agreement with the high ratio f/fc.
When changing the value of permeability to a lower one, the ratio f/fc decreases, thus the solid and ﬂuid
displacements over the surface of the ground are closer to each other because of the stronger coupling: the
porous ground tends towards a one-phase medium.4.4. Vibration transmission solutions
4.4.1. Inverse Fast Fourier transform
For non zero damping, the inverse Fourier transform can be calculated numerically. The solutions have
been obtained by the well-known Fast Fourier transform (FFT) algorithm, see Brigham (1974) for instance.
To compute the inverse transform accurately with a discrete transform, the integrals must be truncated at suf-
ﬁciently high values to avoid distortion of the results by aliasing, while the mesh of calculated functions must
be ﬁne enough to clearly represent the details of the functions seen in the transformed domain. Consequently,
the limit values for wavenumbers were chosen much higher than the ellipse/ hyperbola location discussed in
the previous section: the Rayleigh wavenumber is calculated for each case and the grid is taken up to 40 kR.
With the modiﬁed hysteretic damping, Rayleigh poles and branch points have complex values, which avoids
singularities. It was found that, with the properties used here, an FFT with 2048  2048 points, a range of
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Fig. 8. Contour lines of the vertical ﬂuid surface displacements (a) sub-Rayleigh wave speed case, MR = 0.5 and (b) super-Rayleigh wave
speed case, MR = 1.5.
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dc = df ’ 3  10 2 m1 for soil A and soil B, respectively, satisﬁed both these requirements. The modiﬁed
hysteretic damping parameter is, respectively, g = 0.01 and g = 0.1, see Tables 1 and 2.4.4.2. Inﬂuence of the load speed for the stiﬀ ground
In this section, Figs. 8 and 9 present results in the spatial domain for the set of parameters presented in
Section 4.3 with high ratio f/fc = 10 to emphasize the P2 wave as previously stated.
Fig. 8 presents the contour lines of the modulus of the vertical ﬂuid surface displacements for a sub-Ray-
leigh speed, MR = 0.5, and a super-Rayleigh speed, MR = 1.5. The ﬁgure has a contour of maximum values
x (m)
z 
(m
)
P2
R
0-20-40-60 20
0
-20
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-80
Fig. 9. Contour lines of the vertical ﬂuid displacements in depth for a super-Rayleigh wave speed case, MR = 1.5.
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are plotted with isocline step-values 2.9  1010 for both cases, which gives 18 and 40 contour lines respec-
tively. For a low Mach number, the distribution of displacements is almost symmetrical and is localised in
the near ﬁeld. As the load speed increases and passes through the Rayleigh wave speed, a pronounced change
in the displacements occurs: the distribution of displacements spreads behind the load and is contained
between two Mach-lines of higher displacements delimiting two regions of displacements. The displacement
is almost equal to zero in front of the load. Moreover, two other Mach-lines of less importance can be seen
in this case due to the P2 wave. As the Rayleigh wave is dominant over the surface of the ground, the P2
Mach-lines are very low. A plot of the vertical ﬂuid displacements in depth allows a better visualisation of
the P2 Mach cone, Fig. 9.
Fig. 10 shows the solid and ﬂuid vertical displacements for lower values of permeability which are more
realistic for stiﬀ grounds (ranging from 105 to 109 m3 kg1 s – f/fc from 10 to 0.001). For the three cases,
solid vertical displacements are nearly identical and only the ﬂuid phase is aﬀected. For the lower permeability,
the ground acts as a one-phase medium since the solid and ﬂuid displacements are equal to each other. In this
case, with appropriate elastic parameters, a one-phase viscoelastic approach can be satisfactory to describe the
ground behaviour. Nevertheless, with the macroscopic two-phase description of the ground, the inﬂuence of
parameters such as ﬂuid compressibility or permeability can be studied, that is not the case any more with
viscoelasticity approach: Theodorakopoulos (2003) shows for instance that the inﬂuence of ﬂuid compressibil-
ity has important consequences on the ground response, for soft grounds. We propose to analyse this aspect in
the next section.4.4.3. Partially saturated softer ground
As previously stated, the wave velocities of soil B are lower involving the existence of higher displacements
along Mach cones for accessible values of the load speed. Moreover, for partially saturated soils, the speeds of
compressional waves can drastically change. For instance, for the previous characteristics, the P2 wave veloc-
ity can be divided by 2.5 with only a saturation of 99.9%, see Table 3. This observation has thus a consequence
on the existence of the corresponding Mach cone which then occurs for lower values of load speed.
In the transformed domain, a similar situation as the one obtained for soil A occurs with peaks due to each
wave located on hyperbolas for supersonic regimes. Fig. 11 presents results in the spatial domain for
MR = 2.78, and still f/fc = 10 to get a contribution of the P2 wave. It shows the Mach cones due to the
P2, R and P1 waves for soil B’s characteristics with a 99.9% saturation. In this case, speed values are given
in Table 3 and each of the waves’ critical regimes are surpassed. Seventeen contour lines are plotted with iso-
cline step-values 7.8  109 and the maximum value equals 1.34  107 m. We note that the displacements are
higher than the ones obtained for soil A. Fig. 12 presents a cut along the line x = 3.9 m of the real domain
Fig. 10. Vertical solid (solid line) and ﬂuid (dotted line) displacements for diﬀerent permeability values: (a) K = 105 m3 kg1 s – f/fc = 10,
(b) K = 107 m3 kg1 s – f/fc = 0.1, (c) K = 10
9 m3 kg1 s – f/fc = 0.001.
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bution of similar amplitude compared to the others in the ﬂuid phase.
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Fig. 11. Visualisation of the Mach cones relative to the R, P2 and P1 waves for soil B in the super-critical regime MR = 2.78: (a) 3D
visualisation, (b) contour lines.
3370 G. Lefeuve-Mesgouez, A. Mesgouez / International Journal of Solids and Structures 45 (2008) 3353–3374Fig. 13 shows the vertical solid displacements for a more typical value of the permeability
(K = 109 m3 kg1 s – f/fc = 0.001) and for a sub-Rayleigh regime (MR = 0.25). Even for this low value of
f/fc, several parameters of the Biot theory can inﬂuence the solid behaviour. For instance, when studying
the inﬂuence of saturation (linked to the ﬁrst Biot coeﬃcient) on the solid displacements, even for the sub-
Rayleigh regime, a signiﬁcant change in the amplitudes has to be noted: Fig. 13 shows that the maximum
of solid displacements occurs under the load and exhibits a 20% diﬀerence between the saturated case and
the 95% partially saturated case. As the saturation is connected with the ﬂuid compressibility (see Eq.
(14)), this result is similar to the conclusion obtained by Theodorakopoulos for a softer medium.
In order to get more accessible values of the body wave speeds, a partially saturated softer ground is studied
in the following. Young modulus and Poisson ratio are given by: E = 1.2  108 Pa and m = 0.3 which yields the
shear wave speed cS = 154 m s
1. The ﬁrst Biot coeﬃcient is given the value: M = 0.275  108 Pa (i.e.
SR = 97%) which leads to cP1 = 311 m.s
1 (low frequency limits). Note that only Young modulus and the ﬁrst
Biot coeﬃcient have been modiﬁed in order to get lower values of body wave speeds. The value of permeability
is: K = 107 m3 kg1 s – f/fc = 0.1. Fig. 14(a) and (b) examine the maximum surface vertical solid displace-
ment versus the load speed for diﬀerent values of radial frequency, for the poroviscoelastic model and its asso-
Fig. 12. Contribution of the R, P1 and P2 waves along the line x = 3.9 m in the spatial domain for the vertical solid (solid line) and ﬂuid
(dashed line) surface displacements.
Fig. 13. Inﬂuence of the saturation on the vertical solid displacements for K = 109 m3 kg1 s – f/fc = 0.001 and MR = 0.25: totally
saturated case (solid line), 99.9% partially saturated case (dashed line), 95% partially saturated case (dotted line).
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constants from the values of body wave speeds and equivalent density (qeq = 1960 kg m
3). The displacements
are normalised with respect to the displacement response calculated for the zero load speed and the velocity is
normalised with respect to the shear wave speed. First, it can be seen that the maximum vertical displacement
increases with the load speed. For low load speeds the increase is low. But when it approaches the Rayleigh
wave speed, the maximum displacement can be up to 40% higher than the values obtained for the ‘‘static” case
(c/cS = 0). The value of the radial frequency aﬀects the peak around the Rayleigh speed: it is magniﬁed for
lower radial frequency. If we compare the equivalent one-phase model to the two-phase model, for low load
Fig. 14. Inﬂuence of the load speed on the normalised maximum vertical solid displacement for the two-phase model (no symbol) and the
equivalent one-phase model (cross symbols) for diﬀerent radial frequencies: (a) x = 400 rad s1, f = 64 Hz (dotted lines), x = 100 rad s1,
f = 16 Hz (dashed lines), (b) x = 200 rad s1, f = 32 Hz (solid lines).
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model accentuates the maximum vertical displacement. For the middle radial frequency (200 rad s1
– 32 Hz) presented in Fig. 14(b), the diﬀerence is up to 8%. In conclusion, the equivalent viscoelastic model
overestimates the maximum displacement beyond c/cS = 0.5.5. Conclusion
A three-dimensional semi-analytical model, to study ﬂuid and solid displacements in wavenumber and
spatial domains, has been presented for the case of a high-speed moving load over a totally or partially
saturated poroviscoelastic half-space. Useful analysis in the transformed domain allows a better under-
G. Lefeuve-Mesgouez, A. Mesgouez / International Journal of Solids and Structures 45 (2008) 3353–3374 3373standing of the inﬂuence of the diﬀerent waves yielding, for instance, the visualisation of the contribution
of the compressional wave of the second kind. Moreover, with such an analysis, we emphasize the
diﬀerent regimes that exist when the load speed passes through critical values (Rayleigh wave speed, com-
pressional and shear wave speeds): maximum values of transformed displacements lie on ellipses or hyper-
bolas depending on the load speed. The analysis in the spatial domain has focused speciﬁcally on the ﬂuid
phase behaviour, with the visualisation of Mach cones for super-critical regimes. Results have also shown
that solid displacements are aﬀected by the eﬀect of the saturation of the medium. Moreover, it is inter-
esting to note that such theoretical approaches can also be used as benchmarks to validate numerical
simulations.
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